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Formationkeeping for a Pair of Satellites in a Circular Orbit

Richard H. Vassar* and Richard B. Sherwoodf
TRW, Redondo Beach, California

Certain future missions will require that a pair of satellites—master and slave—fly in a fixed relative for-
mation. Active control is required to maintain this formation in spite of disturbances such as aerodynamic drag '
and solar radiation pressure. This paper develops a closed-loop formationkeeping controller for satellites in any
circular orbit using digital optimal control theory. A formationkeeping sensor concept, tradeoffs, design,
brassboard demonstration, and modeling are discussed. The formationkeeping actuators are assumed to be
chemical thrusters on the slave satellite. Two satellites flying in trail 700 m apart in geosynchronous orbit are
used as an example to present closed-loop formationkeeping simulation plots. The results show that formation is
maintained to within the + 21 m allocated requirement in the in-track and out-of-plane directions.

Nomenclature

by,by,b,,by,by,b; =biases in the measured slave position
and position rate

C =sensor scale factor
CCD =charge coupled device
S =disturbance specific force, i.e., dif-

ference between the specific force
acting on the slave and the specific
force acting on the master

Seskys Sy =components of fin the X,y,Z coor-
dinate frame  _

S1::03 =components of f in the inertial
coordinate frame parallel to X,¥,7 at
time zero

LEPD = lateral effect photodiode

master =reference satellite

P =orbit period

FasTyslyslis sl =random noise in the measured slave
position and position rate

slave = satellite whose position is controlled
relative to the master

T =sample rate, e.g., time between
thruster firings

X, V,2 =slave satellite position coordinates in
the X, ,Z coordinate frame

XV,2 =time derivative of x,y,z taken in the
X,7,Z coordinate frame

XiesViesZu =x,),Z at time ¢,

Xis 13 Vk+15%k+1 =x,»zZ at time tk+l,=tk+T

Xons Vs Zm =measured slave position in the X, 7,2

coordinate frame

X, V,Z =unit vectors in the Earth-pointing
coordinate system with master at the
origin; X is along the velocity vector, J
is antiparallel to the orbital angular
momentum, and Z points toward nadir

AV, k’AV)’k’A v, . =components of the impulsive velocity
change at time 7, in the X, 5,7 coor-
dinate frame

] =orbit angle measured from the first
point of Aries (i=0)

Wy =orbit rate
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Introduction

NLIKE stationkeeping, where a satellite’s position is

J controlled relative to its subsatellite point, formation-
keeping involves the control of one or more satellites relative
to another satellite.

A demonstration of formationkeeping occurred in mid-
June 1983 during Shuttle mission 7.! The Shuttle under
astronaut manual control flew in formation with the SPAS
satellite to demonstate the Shuttle’s ability to deploy and
retrieve satellites using the remote manipulator arm. In the
future formationkeeping will be more common and more
automatic. The Shuttle/SPAS mission was an example of an
observation spacecraft that maneuvers to and operates in the
vicinity of another spacecraft. Another formationkeeping
application is a materials processing satellite carried into
space by the Shuttle. In order to perform sensitive materials
processing in a low g environment, the satellite is separated
from the Shuttle but remains nearby to facilitate transfer of
raw materials and finished products. The last example is a
ground-based terrestrial laser communication system. A laser
beam originating from a ground station is bounced off a
mirror on a master satellite in geosynchronous orbit to a
receiver at a second ground station many miles from the
transmitter (similar to Echo, the pioneer radio communi-
cation satellite). To limit power losses in the uplink laser beam
to an acceptable level, it is necessary to calibrate the beam’s
path through the atmosphere by a small probe laser
illuminating the ground station from a slave satellite that
remains a fixed distance ahead of the master satellite in orbit.

This paper develops a practical control scheme, applicable
to any circular orbit, whereby a satellite can fly in formation
with another satellite. First, the optimal control algorithms
are developed. An optical sensor applicable to the for-
mationkeeping control is described and modeled. Closed-loop
performance results are presented for a geosynchronous trail
satellite geometry exemplified by the laser communication
system. Finally, some conclusions derived from the study are
summarized.

Orbital Dynamics

The motion of one satellite with respect to another in a
circular or near-circular orbit (see Appendix for derivation)
can be analyzed using the Clohessey-Wiltshire equations, a
linearized set of orbit equations. Siefert? and Clohessey and
Wiltshire® were the first to use these equations to analyze the
motion of one satellite in the vicinity of another. Figure 1
shows the coordinate system used, where X is along the
velocity vector, y is perpendicular to the orbit plane in the
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opposite sense of the angular momentum vector, and 7 is
directed toward nadir. The Clohessey-Wiltshire equations
(also sometimes called Hill’s equations) in this coordinate
system are

5€=2w02+fx

Z=—2wox+3wiz+f, )

where x, y, z is the position of the slave satellite in the %, §, Z

frame with the master satellite at the origin, w, the orbit rate,
and f,, f,, and f, components of f=f.e = finaster- ThESE
equations show that the out-of-plane and in-plane motions are
decoupled. The out-of-plane motion is equivalent to the
motion of a mass on a massless spring with eigenvalues at
+wyj. The eigenvalues of the in-plane system are 0, 0, £ w/.
The associated modes are a constant separation in the X
direction, a constant velocity in the X drection, and motion of
one satellite about the other (due to small differences in ec-
centricity).

The uncontrolled response depends on the disturbance f. .

The disturbance is determined by environmental factors such
as solar pressure, air drag, or grav1tat10nal perturbations and
the physical characteristics 'of the two satellites. If, for
example, both satellites are spheres with different densities
but equal reflectivities, then the resultmg disturbance f due to
solar radiation pressure is constant in inertial space. When fis
expressed in the X, ¥, Z coordinate system, the f, component is
constant but the f, and f, components are sinusoidal at orbit
rate. The constant out-of-plane disturbances results in
displaced undamped oscillatory motion of the slave relative to
the master. As stated above, the in-plane equations exhibit an
undamped mode at orbit rate. The equations are forced at
that frequency by differential solar radiation pressure; hence,
the in-plane relative position grows without bound until the
linearized equations (1), no longer apply.

Lange* determined the exact analytical solution to Eq. (1)
for an inertially constant disturbance f. The solution, for
Xo=Y9=29=Xog=Yp=Zp=0, s

x=—3[3w0t5mw0t 5 (1= cosapt) ]
Wy

— =2 [Bwt — 6sinwy! + 3wglcosw,t]
0

y= j—% (1 —coswyt)
@p

3 .
Z=—-= ”i'z [sinwyt — wytcoswyt]
2 wy

£
0)2

3
[E wotsinwot—Z(I—coswot)] )
0

+

where f;, f,, and f; are the components of f along the %, 7,
and 7 axes at #=0. Equation (2) shows the behavior argued on
physical principals in the previous paragraphs, that is, that y
is displaced undamped oscillatory motion and x and z grow
without bound.

Figure 2 shows the uncontrolled in-plane response, ob-
tained by numerically integrating Eq. (1) using a Fourier
series model of the actual solar pressure forces for the two
satellites of the laser communication example. The actual
solar pressure force magnitude and direction in inertial space
varies slightly with the orbit angle. This simulation result, for
“real’’ satellites, shows the same behavior as the analytic
results for the spherical satellites, i.e., unbounded in-plane
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Fig. 1 Coordinate system.

error growth over time. Clearly, this is unacceptable since the
objective is to maintain the in-track position within the
bounds dictated by mission requirements. Hence, some type
of disturbance compensation scheme is required.

Controller Design

One way to cancel the disturbance fis to operate thrusters
on one of the satellites. Since chemical thrusters, being on/off

. devices, cannot be operated in a continuous proportional

manner, digital (or discrete) control is a natural solution.
Most of the disturbance can be cancelled by following a
predetermined open-loop thruster profile based on a priori
estimates of the disturbance. A simple open-loop thruster
profile is obtained by differencing the expected solar pressure
specific forces acting on the satellites and multiplying by the
time between thruster firings. This is approximately the
relative velocity that accumulates between thruster firings.
The negative of this is the simple open-loop AV. Because of
modeling errors, this compensation scheme will not achieve
perfect cancellation and the satellites will slowly drift from
their desired positions, eventually exceeding the error bound.
However, a properly designed closed-loop controller will
stabilize the system and keep the error small.

Another approach is to adjust the reflectivities on the two
satellites until the disturbance f is zero. However, this is
impractical for several reasons: reflectivities are chosen on the
basis of a thermal design and therefore are not free to be
specified by the formationkeeping engineer and even if this
were not the case it would be difficult to vary the reflectivities
on orbit (for closed-loop control) in response to changes in the
disturbance.

Thus, two candidate formationkeeping schemes, both of
which use thrusters as actuators, are: 1) a closed-loop con-
troller or 2) an open-loop thruster profile and a closed-loop
controller. The remainder of this paper will focus on scheme
1. Qualitative results for scheme 2 are discussed briefly in the
conclusions.

Bryson® has developed bang-bang, bang-off-bang, and
optimal continuous controllers for stationkeeping. This paper
will extend these results by developing optimal digital con-
trollers for formationkeeping. Taking advantage of the
decoupling in the Clohessey-Wiltshire equations, the con-
trollers for the in-plane and out-of-plane problems are
designed separately. The in-plane control problem is multi-
input, multi-output with two actuators, thrust in the X and Z
directions, and two responses x and z. The system, being
highly coupled, cannot be broken into separate single-input,
single-output systems and hence does not lend itself to
analysis using classical control techniques. Optimal control
theory with a quadratic cost function offers a simple solution.
The usual reservations with using optimal control theory for
practical designs (i.e., uncertainty in the system parameter
values) do not apply to this problem because the plant
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parameter, i.e., orbit rate, is known accurately and is es-
sentially constant.

The following cost function was used for the in-plane
problem (position error in the z direction was not included in
the cost function because the terrestrial laser communication
system performance is insensitive to slave position error in the

Z direction):
2 AV, \2
G e
Wo

1 L=
- B e
2 k=1
For a digital controller the sample time or time between
thruster firings must be selected. Two conflicting objectives
define a tradeoff on thruster firing frequency: 1) minimizing
in-track position error implies frequent corrections and 2)
minimizing disturbances to spacecraft and minimizing the
controller computational burden implies that the time bet-
ween formationkeeping corrections should be long. A value
of, T=P/24 (i.e., 1 hin geosynchronous orbit) was selected as
the time between thruster firings (see Fig. 13 and discussion in
the section on simulation results).
The discrete in-plane state equations are (where time ha:
been normalized by 1/w,) )

AV,
0

,

Xes 0.863 0 0.519 0.206 %y

Xer) 0.250 1 0.0685 0.0180 | | x,
Ziss 0.519 -0 0966 0.778 i
ey —0.0685 0 0259 1.10 %

0.863 0.519

0.250 0.0685 AV,

: )
—0.519 0.966 AV,
—0.0685 0.259

The steady-state in-plane control laws obtained by solving the
discrete matrix Ricatti equation®? are

AV, = —0.456%, — 0.454w,X; +0.0197%, + 0.458w,2;

AV, =0.0197%, — 0.547wgx; —0.546%, — 0.868woz  (5)

The in-plane closed-loop roots are shown in Table 1. The
control law is general for any near-circular orbit. Just sub-
stitute the appropriate value for the orbit rate w,.

The same approach was applied to the out-of-plane
problem using the following cost function:

SEWCR] e

Wo

Because out-of-plane control is much less demanding than in-
plane control, T=P/6 was selected as the time between out-
of-plane formationkeeping AV. The discrete out-of-plane
state equations for this sample rate are (where time has been
normalized by 1/w,)

Yiws 0.498 —0.867 Y. 0.498
= + AV, . 7

L Yr+s 0.867 0.498 Y 0.867
The steady-state out-of-plane control law obtained by solving

the discrete matrix Riccati equation is

AV = —0.608y, —0.152w,y, 16))
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The out-of-plane closed-loop roots are shown in Table 1. The
control law is general for any near-circular orbit. Just sub-
stitute the appropriate value for orbit rate w,,.

Example
Description

Formationkeeping controller performance will be demon-
strated for the terrestrial laser communication system. A
mirror is carried on the master satellite in geosynchronous
orbit. A communication laser beam originating from a
ground station is bounced by the mirror to another ground
station many miles away. To keep the laser uplink from being
dispersed as it passes through the atmosphere, a slave satellite
must lead the master satellite in orbit so that its small laser can
calibrate a column of air for the uplink. The proper lead
distance is approximately the round-trip travel time of light to
the geosynchronous altitude times the orbital velocity of the
satellite. For effective calibration (i.e., to reduce the laser
power loss to an acceptable level), the slave position, both in-
track and out-of-plane, has been allocated a position error of
3% of the nominal 700 m range between the slave and master
satellites. To first order, system performance is insensitive to
position error along the 7 axis.

The example satellites have the characteristics shown in
Table 2. Now a simple sensor for measuring slave satellite
position relative to the master will be discussed.

Sensor Characteristics

The formationkeeping control system relies upon a sensor
that can measure the three components of relative satellite
position: range, cross-range, and elevation. Radar and laser
rangefinders are available for this task; however, they exact a
great penalty in complexity and weight in order to provide a
high degree of measurement accuracy that is not warranted by
this problem. The device employed in the foremationkeeping
sensor system is a simple telescope that produces an image of
the target upon a lateral-effect photodiode (LEPD), an analog
detector whose differential current output is an accurate
measure of the location of the image along its sensitive axis. A
laser diode modulated at 200 Hz is used as the target to enable
discrimination of interference sources and the elimination of
bias via ac coupling. Two orthogonal detectors mounted on
one satellite and a single target mounted on the other vehicle
enable determination of the two cross-range components of

Table1 Closed-loop roots

Roots? w ¢
In-plane
0.61 +£0.38j 2.5 0.5
0.62 1.8
0.76 1.0
Out-of-plane
0.28 £0.56/ 1.14 0.39

1In z plane where time has been normalized by 1/ wg.

Table 2 Slave and master satellite characteristic

Slave satellite Master satellite

Stabilization method Dual spinner 3-axis
Weights, kg 410 1550
Dimensions, m
Diameter 3.5 2.4
Length . 0.5 1.3
Mirror diameter, m 7
Surface reflectivity 0.26 ©0.80
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position. Two methods can be used to determine range. The
first, designated stadiametric, employs two targets separated
by a known baseline and modulated at different frequencies
to enable their discrimination at the receiver. To first order,
range is simply the known baseline divided by the apparent
angle subtended by the targets at the receiver. Because target
rotation can confuse the range determination by foreshor-
tening the baseline, a third target is added, nominally per-
pendicular to the baseline and along the line of sight, to
resolve the problem. The geometry is shown in Fig. 3. Note
that target attitude is determined as a by-product of this
arrangement.

The proliferation of targets in the stadiametric scheme leads
to an alternative sensor configuration designated stereo-
metric. Essentially a binocular sensor, this system uses an
extra receiver but only one target. The baseline necessary for
range determination is now between the two receivers and is
colinear with their sensitive axes. The geometry, shown in Fig.
4, is the dual of the prior arrangement. The stereometric
system is preferred for the system under study because the
targets are mounted on the simpler, less stable slave satellite;
their complexity, weight, and power consumption should be
minimal. The receivers are mounted on the more stable master
satellite so that apparent target motion due to receiver base
motion uncertainty is minimized and advantage can be taken
of the more extensive signal processing and base motion
determination of the master satellite.

UNCONTROLLED RESPONSE IN-PLANE
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Fig. 2 Uncontrolled in-plane position of the slave satellite as seen
from the master satellite.

Fig. 4 Range and cross-range by stereometric means.
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Figure 5 shows the device constructed and tested to demon-
strate the requisite accuracy of the sensor system and to
validate the sensor model employed in the formationkeeping
simulations. Although a linear charge-coupled device (CCD)
array might have been substituted for the lateral-effect
photodiode, a tradeoff (Table 3) showed that the CCD
requires larger optics, greater information processing band-
width and is more susceptible to background interference.

The principal errors in the sensor system are noise, detector
nonlinearity and receiver coalignment errors. Table 4
evaluates these sources for a system for three receivers
mounted on a graphite epoxy spar, as shown in Fig. 6, to
minimize misalignments. Also listed are the contributions
from base motion uncertainties, assuming an Earth sensor
measures satellite pitch and a star sensor measures yaw.

Figure 7 is a photograph of the receiver test installation
used to confirm the design. The geometry of the range was
scaled 1:100 to fit the available laboratory space, and the
receiver baseline is only 2 cm. Ranging tests for - co-orbital
satellites yielded errors below 0.8 m when using a linear fit
and scaling to operational size.

Nonlinear Simulation

A realistic nonlinear (inverse square gravitational field)
simulation was developed to evaluate the closed-loop for-
mationkeeping system performance for the terrestrial laser
communication system. The simulation contained realistic
models of the solar pressure disturbance, sensor, and
thrusters.

The solar pressure specific force was calculated by model-
ing the satellite as a collection of plates and cylinders, each
with its own reflectivity. A computer program was used. to
calculate the solar force vector at a number of points along
the orbit. The program then fit a Fourier series in orbit angle ¢
to the data. The Fourier series model used in the simulation
was truncated after the fifth harmonic, which introduced less

Table3 Linear CCD and lateral effect photodiode

detector comparison
Parameter LCCD LEPD
Number of cells 2048 1
Cell size 13%x13 ym 1 X6 mm
Active length, mm 26.6 6
Focal length, mm 300 50
Image quality Diffraction 20 x diffraction
limited limited
Aperture 40 mm diam 20X 20 mm
Signal-to-noise ratio 188 154,000
Noise equivalent angle, u rad 0.23 0.39
Nonlinearity, u rad 2.2 2.0
Sampling rate, Hz 819,000 800
Word length, bit 10 16
Three-sensor bit rate, bit/s 25x 108 38x10°
3.9 IN.
NUT
LENS HOLDER
TUBE E
/E_\__f_———- 5 b | on e

CYLINDRICAL
IMAGING LENS

— .
OBJECTIVE LENS \
HOUSING
DETECTOR
HOLDER

MOUNT

Fig. 5 Lateral effect photodiode receiver.
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than a 1% error. As an example, the solar pressure specific
force models used for summer solstice, beginning-of-life
(BOL) were:

Slave fo= —4.66x 10 Scosf m/s?
f,=3.70x108 m/s?
£, =4.66x10"8sinf m/s?
Master ‘

fo=(~7.16x 10~8cos +2.79 x 10~ cos 36
+1.12%10-%c0s S0—4.43 % io-%inza)m/sz

f,=1(2.19%107% —1.68 x 10~ °cos 20 — 7.41 x 10~ 1°cos 46
+3.84 %10~ %sinf)m/s? - ‘

f,=(—4.43x107% +4.43x 10 %cos 26+ 1.99 x 10~ 7sinf
—2.79 % 10~3sin 30— 4.09 X 10~ ?sin 56)m/s?

The slave satellite thruster configuration simulated in the
study is shown in Fig. 8. This thruster configuration reduces
the number of thrusters on the slave satellite over a more
conventional arrangement. Notice that the in-plane thruster is
canted 15 deg out-of-plane. To produce negative out-of-plane
thrust the in-plane thrusters are fired together. The geometry
necessitates an augmentation.of the in-plane control logic
described earlier. The in-plane logic directs the coordinated.
firing of the out-of-plane thruster to cancel the negative out-
of-plane disturbances due to in-plane corrections. Each
thruster produces 0.2 1b of force beginning-of-life, which
drops to 0.1 1b at end-of-life. Because the hydrazine thrusters
are operated in pulse mode, an I, of 150 s was assumed, as

~opposed to 200-210 s for continuous thrusting. Minimum
thruster on-time is 20 ms. If a pulse smaller than 20 ms is
specified by the control law, then the control logic does not
command the thruster. Long in-plane thruster pulses are
subdivided into several shorter pulses lasting 170 ms or less
(during a 170 ms pulse the thrust vector will rotate 60 deg in
inertial space due to the 1 rps spin rate) to maintain high
thruster efficiency. The desired thrust direction is achieved by
using a timer to operate the thruster; the timer is started by a
sun detection pulse from the slit sun sensor.
The simulation sensor model is:

Xp =X+b,+r,

Ym=Cy+b,+r,

Zn=Cz+b,+r,

.X"m =x+ bx +r, ¥

I =Cy+b;+r;

Zm=CZ+b;+r;
where x,, =measured x, x=true x, b, =bias in measurement
of x, r, =random noise in measurement of x, and C=scale
factor. Table 5 gives the values of bias b and noise r that were
used in the simulation, based on the sensor error budget of

Table 4. C=x,,/x is the scale factor model.

Simulation Results

Simulation results are shown for the solar pressure dis-
turbance given previously, including sensor noise and worst-
case bias, without an open-loop thruster profile. In-plane
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Fig. 6 Stereometric sensor system.

Fig. 7 Hardware for laboratory sensor test.
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Fig. 8 Slave satellite thruster configuration.

Table 4 Sensor error budget (urad)

© x(range) 1 o noise 1 (100 s averaging)
Nonlinearity 2 (after cubic fit)
Coalignment 1
y (out-of-plane)  Sensor 3
Base motion 50 (10 arcsec star tracker)
Z (altitude) Sensor 3

Base motion 350 (1 arc min Earth sensor)

error is shown in Fig. 9. The slave position is plotted looking
down on the orbit plane from the north pole. The position is
plotted for four orbits, with each cycle representing 24 h. The
maximum in-track error is approximately 7.5 m, well within
the requirement.

Out-of-plane position error is shown in Fig. 10. In this
figure slave position is plotted relativé to the master satellite
looking edge on at the orbit plane. The maximum out-of-
plane error is less than 5 m, again well within the 21 m
requirement.

Figure 11 shows the duration of the in-plane thruster
control pulses. The longest pulses are less than half a second.

' The in-plane thruster activity will consume approximately 10

kg of hydrazine over the 8 yr worst case, with the satellite
masses and thruster configurations assumed. .

Figure 12 shows the duration of the out-of-plane control
pulses, including those to cancel the out-of-plane thrust
component of the canted in-plane thrusters. Most of the
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pulses are cancellation pulses, with out-of-plane controller SUMMER SOLSTICE/BOL IN-PLANE
pulses occurring only every 4 h. The out-of-plane thruster will - 0.5
consume approximately 2.5 kg of propellant over the 8 yr
worst case.
The total propellant: consumed over 8 yr is about 12.5 kg 0.4
(worst case) or approximately 3% of the slave satellite mass.
This is small compared to the amount of propellant typically ) i
carried for attitude control and stationkeeping. & 0.3 ,
Optimal digital in-plane formationkeeping controllers were g
designed for several other sample rates, i.e., 30 min, 2 h, and g |
4 h. Simulation runs were made with each controller. Figure 2 o2l
Srrnmm——— gl | HHH”III“ m”' IHH ”HH lm“ HH“ Im‘
n
0.1
Table 5 Simulation bias and random noise values
b, r, ]
Parameter worst case lo 0.0
0 12 24 36 48 60 72 84 96
X 0.20m 0.09m TIME (HOURS)
y 0.034m 1.6 X 10-4 m L . . .
Z 1.22m 2.2%10-4m Fig. 11 In-plane formationkeeping thruster pulse duration.
X 0 3.9%10-5m/s
y 0 6.8%10-8m/s
z 0 9.6x10-8m/s
SUMMER SOLSTICE/BOL OUT-OF-PLANE
0.08
SUMMER SOLSTICE/BOL IN-PLANE
25
| |
| |
20 | T G 0.06
| | &
15 i I =
i REQUIREMENT 1 z
10 )
| I a
| | w 0.04
g o] | I 2
2 1 ///‘ ) v : 5
~ | z
L Vi /// | 2 oo
N I | .02+
-10 I L/ I
] I
| |
BT | .
-zo: : 0 12 24 3 48 60 72 84 96
211 | TIME (HOURS)
675 680 685 630 695 700 705 710 715 720 725

Fig. 12 Out-of-plane formationkeeping thruster pulse duration.
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Fig. 9 In-plane slave satellite position during formationkeeping.
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Fig. 10 Out-of-plane slave satellite position during formation- THRUSTER FIRINGS (HOURS)

keeping. Fig. 13 In-track error vs time interval between thruster firings.
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time between in-plane thruster firings for the worst-case case
conditions (i.e., equinox, beginning-of-life, sensor noise, and
worst-case bias without the predetermined ‘‘open-loop”
thruster profile). The requirement is that the maximum in-
track error be less than 21 m. The selected time interval
between in-plane thruster firings is 1 h. The differénce
represents design margin.

These results show that as the in-plane error requirement is
relaxed, the time between thruster firing 7 can be increased
until the Nyquist limit is reached. The upper limit on the time
between in-plane corrections is approximately one-third the
orbit period.

Conclusions

This paper presented a practical formationkeeping con-
troller consisting of a digital control law, a simple optical
sensor, and thrusters on the slave satellite for a pair of
satellites in a circular orbit. The control concept is general and
could be applied to any of the examples in the introduction.

Simulation results for two geosynchronous satellites with
different solar ballistic coefficients and orbiting 700 m apart
in trail demonstrated performance which met a +21 m
requirement both in-track and out-of-plane. The accuracy
requirement dictates the time between thruster firings. The
upper limit for the in-plane digital controller—to avoid
aliasing—is one-third the orbit period. The results show that
in-plane formationkeeping is more difficult than out-of-plane
formationkeeping becaus¢ of the coupling in the in-plane
orbit dynamics and the in-plane solar disturbance at orbit
frequency. For equal in-plane and out-of-plane error re-
quirements, in-plane corrections must be applied ap-
proximately four times as often as out-of-plane corrections.
Adding an open-loop thrust profile to the closed-loop con-
troller further improves performance (results for this case
were not shown), since the closed-loop controller is acting on
the (smaller) residual error.

Appendix: Derivation of Clohessey-Wiltshire
Equations for Two Perturbed Satellites
Write the equations of motion for the slave satellite s,

. 23 - —
Fo+ o+ =——73 (g +75s) = Al
0T Ps ‘r0+ﬁ,sl3 ( 0 ps) fs ( )

Write the equations of motion for the master satellite m,
Fo+ B+

2 - -
o (Fy+B) = A2
l’-_>0+l_),m|3 (rO pm) fm ( )

Fig. A1 Relative satellite geometry.
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Now obtain the equation of motion of the slave satellite
relative to the master by subtracting Eq. (A2) from Eq. (A1)

-and making the substitution p’= g, — 5,,,

- [z oo
p+-= (ro+5, +0)
P+ g, +p1° 0

o o
—m(ro‘*'l)m):fs'fm (A3)
0 m

Expand the denomenators in Eq. (A3) and throw out terms
second order or higher in p/r, or p,,, /r,.

1 1
7+ BV [(Fo+ B +B) - (Fy+ B +8) 1772
~J— [1—3(f -@ )—3(f E)] (A4)
_"5 o 1) 0 "o
1 ] '
Fot 5,10 [(FotBn) (Fo+Bn) 172
1 i .
)
0 0

Substitute Eqs. (A4) and (AS) into Eq. (A3),

5‘+§0 (fo+% +g) [1*3<r‘0-% )_3(f0‘%>]
£ (fo+‘f—:)[z—3(fo-% )]=r-7 (A6)

Multiply, throw out terms second order or higher in p/r, or

-0 /7o, and collect terms. The resulting equation is the general

vector form of the Clohessey-Wiltshire equations (note: the
second term in the brackets is the gravity gradient term),

i)‘+% [5—3(F)-BVFy) =fi—Fp (A7)
0 .

The scalar form of the Clohessey-Whitshire equations are
obtained by making the following substitutions in Eq. (A7)
(coordinate frame is shown in Fig. A1),

[ x X—2wyZ—wix
" . ®

->= 5 _b= > _=w,2’
Y y Y y rg 0

| 2 Z+2wpx— wiz

[0 S
fo=| 0 |, fi-fu=f= |

L_I ) fz

Collecting terms we obtain linearized equations that describe
the motion of the slave satellite relative to the master

i~2woz=fx
J+wpy=1f,

i+ 20X~ 3wz =1, (A8)
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